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The computational grid consists of a number of nested grid blocks at different refinement
levels. The coarsest grid blocks always cover the entire computational domain, and local
refinement is achieved by the bisection of selected blocks in every coordinate direction.
The grid topology and data-structure is managed using the Paramesh toolkit. The filtered
Navier-Stokes equations for incompressible flow are advanced in time using an explicit
second-order projection scheme, where all spatial derivatives are approximated using
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Adaptive mesh refinement second-order central differences on a staggered grid. For transitional and turbulent flow
Immersed-boundary method regimes the large-eddy simulation (LES) approach is used, where special attention is paid
Fluid-structure interaction on the discontinuities introduced by the local refinement. For all the fluid-structure
Large-eddy simulation interaction problems reported in this study the complete set of equations governing the

dynamics of the flow and the structure are simultaneously advanced in time using a pre-
dictor-corrector strategy. An embedded-boundary method is utilized to enforce the
boundary conditions on a complex moving body which is not aligned with the grid lines.
Several examples of increasing complexity are given to demonstrate the robustness and
accuracy of the proposed formulation.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

The accuracy of grid-based approaches for the solution of the Navier-Stokes equations depends, to a large extent, on the
quality of the computational grid. For well understood physical problems structured or unstructured grids can be carefully
designed to capture the important flow features. However, in highly unsteady three-dimensional problems with moving
boundaries/interfaces, locally adaptive refinement of the computational grid is desirable. Over the past decades a significant
amount of work on adaptive meshing has been done in the framework of unstructured grid solution methods. The lack of
inherent structure of such grids usually allows for a straightforward implementation of a variety of adaptive mesh refine-
ment (AMR) strategies. A widely used approach is the so called h-refinement, where local refinement is achieved by splitting
existing cells into several smaller ones, or by locally introducing additional nodes (see [28] for a review). For problems that
involve moving boundaries, however, local mesh motion (r-refinement) is also necessary to maintain grid quality [37]. A
drawback of the above methods, especially in fluid-structure interaction problems with large boundary motions and defor-
mations, is the difficulty to control grid quality, which has an adverse impact on accuracy and stability of the computations.
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Recently, non-boundary conforming formulations have been emerging as a viable alternative to unstructured methods
especially for fluid-structure interaction problems (see [30] for a review). To compute the flow around a complex body
the equations of motion are usually solved on a fixed structured grid, which is almost never aligned with the body. Depend-
ing on the specifics of the formulation, boundary conditions can be imposed by appropriately modifying the stencil in the
neighborhood of the body [38], or using a forcing function which can be derived either using physical arguments [33], or
directly from the discrete problem [18]. Although such methods have traditionally been applied to low Reynolds number
flows, recent applications on complex turbulent and transitional flows with moving boundaries have been reported with
very good results [44,15]. A drawback of these formulations, however, is the lack of flexibility to selectively distribute points
in areas of high velocity gradients without increasing the grid resolution in all areas of the computational box. Formulations
where the grid can be refined locally could be beneficial, provided that the overall cost does not exceed that of a single-block
with equivalent resolution everywhere.

Two general categories of AMR for structured grids, which can be ideally coupled to the class of non-boundary conform-
ing methods mentioned above, can be identified: (i) isotropic splitting of individual cells that can be managed using hierar-
chical tree [9], or fully unstructured data-structures [21]; (ii) grid embedding, where block-structured grids composed of
nested rectangular patches are used. The latter approach maintains most of the advantages of structured grid methods
and is an attractive platform for introducing AMR capabilities in eddy resolving techniques such as the large-eddy simulation
(LES) and direct numerical simulation (DNS) approach. Structured adaptive mesh refinement (S-AMR) was initially intro-
duced by Berger and Oliger [14] for the solution of one- and two-dimensional hyperbolic problems, where the sharp discon-
tinuities in the solution were better captured with increasingly refined rectangular grid patches. Since then, the method has
been extended to three-dimensions, and has been demonstrated to be a robust, cost effective approach for a range of hyper-
bolic problems (see for example [10,13]). Applications to incompressible flows, however, have been limited, primarily due to
complications associated to the enforcement of the divergence-free constraint. Most algorithms for incompressible flows are
based on the extension of the second-order projection method by Bell et al. [11] on the grid topology proposed in [14]. In this
particular splitting scheme the viscous and advective terms in the momentum equation are advanced via a Crank-Nicolson
scheme, and an unsplit, second-order upwind Godunov method is used to evaluate the nonlinear term at the time-centered
location. In most cases time refinement (i.e. different timesteps are used in different AMR levels) is also employed and syn-
chronization of the solution between AMR levels is required to ensure the divergence-free constraint. Recent applications to
multiphase flows and to prototypical laminar flows can be found [2,27] respectively. Applications of S-AMR strategies such
as the above to fluid-structure interaction problems have been limited. Roma et al. [34], for example, developed an AMR
version of the immersed boundary method presented in [33] for two-dimensional, viscous incompressible flows. The overall
formulation is based on an implicit projection scheme inspired by the method proposed in [11], and is applied on the com-
posite grid structure introduced by Berger and Oliger [14]. The approach was tested on a two-dimensional model problem
(the two-dimensional analog of an elastic spherical balloon, filled with the same fluid present outside), and no significant
difference was found between the solutions obtained on a mesh refined locally around the immersed boundary, and on a
uniform mesh with the same resolution as the finest AMR level. A similar formulation for collocated grids was later devel-
oped by Griffith et al. [20].

In the present study we propose a S-AMR strategy for the solution of the Navier-Stokes equations in laminar and turbu-
lent incompressible flows. Based on the ideas introduced by [14] a single-block solver is employed on a hierarchy of sub-
grids with varying spatial resolution. Each of these sub-grid blocks has a structured Cartesian topology, and is part of a tree
data-structure that covers the entire computational domain. One of the main features of the present implementation is the
utilization of the Paramesh toolkit [25] to keep track of the grid hierarchy, and perform the required restriction/prolongation
and guard-cell filling operations. Paramesh has been used with great success to develop AMR solvers in area of magneto-
hydrodynamics (MHD) [24], hydrodynamics and cosmology [19], but we are not aware of applications to the solution of
the Navier-Stokes equations for incompressible flows. The building block of our implementation is a single-block solver,
which is utilized in each sub-block, and is a standard fractional step, finite-difference solver on a staggered grid that has been
extensively used in DNS and LES of turbulent and transitional flows (see for example [6,5]). As we will demonstrate the accu-
racy and optimal conservation properties of the basic solver are maintained in the AMR code. To compute the flow in com-
plex geometries a direct-forcing, embedded-boundary method is used [41].

In the next section the problem formulation is outlined. In Section 3 a description of AMR grid topology is given and the
treatment of the solution at block boundaries is discussed. A strategy to address issues related to mass conservation at inter-
faces and grid adaptation is also proposed. Section 4 provides an overview of the fluid-structure interaction methodology
employed. In Section 5 the following examples are discussed to demonstrate the accuracy and robustness of the proposed
formulation: the Taylor-Green vortex, three-dimensional vortex ring impinging on a wall at Re 570, fluid-structure interac-
tion of falling plates and the flow around a sphere at Re = 10%. Finally a summary and suggestions for future work is given in
Section 6.

2. Problem formulation

In the present study we will consider dynamical systems consisting of fluid flow interacting with moving/deforming im-
mersed bodies. The flow is always incompressible, and transitional/turbulent flow patters may be present. An example is
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Fig. 1. An example of a dynamical system, where three solid bodies ®;, @, and @5 interact with the flow in domain €2, with boundary I".

shown in Fig. 1, where a set of solid bodies, @, @, and @3, interacts with the flow within the domain Q bounded by I. In this
setting, the dynamics of the fluid and structures are described by different sets of equations, which need to be solved as a
coupled system. On the side of the fluid the LES modeling framework is adopted, and the spatially-filtered Navier-Stokes
equations for incompressible flow are solved:
ou_ outy o oy 1 o
ot dx;  Ox 0x; Re ox;ox
ou;
A 2
o )

o M)

where x;(i =1, 2, 3) are the Cartesian coordinates, i; are the resolved velocity components in the corresponding directions, p
is the resolved pressure, and f; represents an external body force field. The equations are non-dimensional and Re = UL/v is
the Reynolds number (U is a reference velocity, L a reference length scale and v is the kinematic viscosity of the fluid). In LES
the large scales are resolved directly as in a DNS, and all scales smaller than the filter size, which is usually proportional to
the local grid size, are modeled. In Eq. (1) the effect of the unresolved scales appears in the sub-grid scale (SGS) stress term,
T = U;u; — U;ll;, which needs to be parameterized. In all LES reported in the present study the SGS stresses are modeled using
the Lagrangian dynamic eddy-viscosity (LDEV) model [29]. Details on the present implementation can be found in [35].

The motion of a set of rigid bodies within the fluid domain, €2, is governed by a set of ordinary differential equations
(ODEs) of the form [8]:

H:]} [M[((gnJ { gz } N {F<qf,li|2, ) } 3)

where q, =[q, ¢, ... q,]" is a vector containing the set of n generalized coordinates of the structural system and
q, = qqis the set of generalized velocities. [I]is the n x n identity matrix, [M(q,)] is the nonlinear mass matrix and F(q;,qs,
t) is a vector containing damping, rotation derived, elastic and externally applied forces. This last set of forces in our case,
includes the gravity force and fluid tractions in the direction of the coordinates g; (i = 1,...,n). Note that for deformable elas-
tic bodies, the discretization of their governing equations will also lead to a system of the form given by Eq. (3). Therefore,
the solution procedure presented here can be extended to deformable bodies in a straightforward manner.

3. Adaptive mesh refinement
3.1. Grid topology

The computational grid consists of a number of nested grid blocks with nx x ny x nz computational cells at different
refinement levels, ', [=0,1,...,lna.x The coarsest grid blocks at level Q° always cover the entire computational domain,
and local refinement is achieved by the bisection of selected blocks in every coordinate direction. In this process an arbitrary
block, b, at level [, for example, will be the origin of eight children blocks at level [ + 1 that occupy the same volume as their
parent block. We call leaf blocks the blocks at the highest level of refinement present on a particular region of the domain
(blocks that have not been refined, and therefore have no children). Any leaf-block at level [ shares a common boundary with
leaf-blocks whose refinement level may differ from I by at most one level. An example is shown in Fig. 2(a), where an S-
shaped domain is discretized with an AMR grid. Level Q, covers the entire domain and consists of 6 blocks (gray). The grid
is locally refined near the center of the domain by adding two levels of refinement, Q! (orange) and Q? (yellow). As a result
the cell size in the ith direction for a block at the finest level, I = 2, is only a quarter of the one at [ = 0 : Ax? = Ax? /4, where
i=1, 2, 3. Note that given the above constraints, Ax! for computational cells on adjacent leaf-blocks at different refinement
levels will differ by a factor of two. The resulting grid structure is managed using the octree data-structure in the Paramesh
toolkit [25], which enables a robust implementation and straightforward parallelization of the proposed algorithm.
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Fig. 2. (a) Example grid hierarchy and nested sub-blocks. Three refinement levels, Q°, Q' and Q2 have been used. (b) Staggered grid arrangement in cells
adjacent to a coarse-fine interface: pressure is located at the center and velocities at the face. The velocity component us in the x3 direction is not shown for
clarity.

A staggered variable arrangement is used in each grid block as shown in Fig. 2(b), where the velocity component in the x3
direction has been omitted for clarity. In the remainder of the paper we will drop the overbar indicating filtered variables,
and denote the pressure and velocities for block b at level [ as pf, and u, i = 1,2, 3 respectively. jkm are indices that iden-
tify a grid cell within block b, and i refers to the orientation of the velocity component. Other variables such as the turbulent
viscosity, v,, can be similarly defined. We will also denote P(b) as the parent block of block b, and C(b, i) as the i" child block of

block b, where i=1,...,2¢ and d is the number of dimensions of the problem.
3.2. Prolongation and restriction operators

Let us now define the prolongation and restriction operators that are needed to transfer variables between parent and
children blocks. The general form of a restriction operation of a variable ¢ from block C(b, i) at level [+ 1 to the parent,
P(b), at level [ is given by

el
P(b)I /bl
(Rd))ijk - Z_laqu¢i’+pj’+q,k/+r’ (4)
p.q.r=i

where, ijk are the indexes of a cell on P(b) containing the restricted variable and ij k" are the indexes of a cell in b. The limits il
and el define the interpolation stencil, where the stencil size and interpolation coefficients, o, ,, depend on the interpolation
scheme used. The prolongation of a variable from block P(b) to b, on the other hand, is given by

el
UDn' = D Tpardf piegier: (5)
p.q,r=il

On a staggered grid, prolongation and restriction operators are defined separately for the flow variables collocated at the
cell-centers (pl},,, vi! ,etc.)and the cell faces (uf},,,). For the former we use a dimension-by-dimension interpolation strategy
that utilizes second-order Lagrange polynomials to perform one-dimensional sweeps over a three-dimensional stencil. In
these cases the weight factors, o, and o, in Egs. (4) and (5) are products of the corresponding coefficients in the one-
dimensional Lagrange polynomials. For the face-centered components we exploit the fact that they are co-planar, and the
above strategy is employed in two-dimensions. Example restriction operations in a two-dimensional staggered grid are
shown in Fig. 3(a). The pressure, pfj located at cell-center, ij, of the parent block, is interpolated from pressures on a 3 x 3
stencil from the corresponding children blocks. The velocities uﬁj and vfj however, are found using the one-dimensional sten-
cils (two-dimensional in three-dimensions) shown in the figure. Note that in Fig. 3 the superscript indicating the block has
been dropped for simplicity and the parent and children blocks are identified by their level superscripts, [ and [+ 1
respectively.

The operators given by Egs. (4) and (5) satisfy the accuracy requirements but do not guarantee the divergence-free evo-
lution of the velocity field through the AMR grid. In the present implementation this property is particularly desirable when-
ever prolongations and restrictions are performed as part of the local grid adaptivity (local refinement and derefinement)
from timestep to timestep. Divergence-free restriction operators can be constructed in a fairly straightforward manner. In
our staggered grid arrangement, for example, using face-averaging for all the velocity components preserves the divergence
of the velocity vector. Divergence-preserving prolongation of a vector field, on the other hand is not straightforward. Martin
et al. [27], in their AMR implementation for the Navier-Stokes equations for incompressible flow, use a divergence cleaning
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Fig. 3. (a) Interpolation stencil utilized by two-dimensional prolongation operators. It contains nine points for cell-centered variables such as, pﬁj and three
points for variables located at the cell faces, such as ufj and vfj (b) Variable arrangement for the construction of divergence-preserving prolongation
operators in two-dimensions.

methodology employing an extra Poisson solution. Balsara [7] in the framework of his MHD solver, proposed a divergence-
free prolongation operator applicable to AMR meshes with arbitrary refinement ratios.

In the present work we have developed divergence-preserving prolongation operators tailored to the specific AMR topol-
ogy, where the grid size between consecutive refinement levels can only differ by a factor of two. We will describe the pro-
posed scheme in two-dimensions for the configuration shown in Fig. 3(b). Let us define the discrete divergence, D, at an
arbitrary cell ij of the parent block as

I I !
ll —Uu. U U
Du = l‘”+ ”J17 (6)
Al Iy

where Al and Aly is the grid spacing on the parent block in the x and y directions, respectively. The above is also the target

divergence for the reconstructed velocity field on the corresponding children blocks. We will first determine the eight veloc-

ity components, u}! . ui“z ,ul,* Dokl b il Al b which are located at the faces of the parent block as
J+1 i +1 i—1j-1 ij-1 ’—14+1 i'j+1

shown in Fig. 3(b) T]‘llS is done usmg one-dimensional, quadratic, mass-flux preserving interpolations on each face. For

example, on the right face of the coarse cell one can assume that the velocity can be approximated as, u(y) = ag + a1y + a,y>.

Then, utilizing the the known values, u}; ,, uf; and u}; , on that face, together with the discrete mass-flux conservation con-

ul I
straint, u; = 0.5(u; ” + ujjlﬂ) the following algebralc system can be assembled:

2
! B o (A
uu;]:ao—&-a]?—l—az 5]

1
1 I+1 I+1
uu 2 (u, s+ ”;’;41

, 54, 54,
uuﬂ dg + a1 —— P +az 2 .

The solution of (7) yields the coefficients o, o4, o3, and the unknown velocities at the midpoints of the face can the be
found in a straightforward manner. For example, u’@? = ao + 5a,A,/4 + ay(5A,/4)%. Note that the system (7) can be written
in matrix form, and the inverse of the resulting 3 x 3 Vandermode matrix can be found analytically. The same approach is
used on all faces of the parent cell.

Next, the remaining four interior velocities, u}' T uf,*‘u e vi,*‘”, and 11’,],, shown in Fig. 3(b) are determined. For each of
the children blocks one can write the discrete dlvergence equations and set it equal to that from (6). For example, for the
block (i — 14 + 1) in Fig. 3(b):

1

Y\ 4,37 (a)’, (7)

3
):a°+a1 2 " %716
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where Af‘“ and A’y“ is the grid spacing on the children block in the x and y directions respectively. Using similar expressions
for all four blocks we can assemble a system of four equations with four unknowns. It is of the form, Auy, = b, where A the
4 x 4 matrix and u,,, b the unknowns and source vectors respectively. A, however, is a matrix of rank three and cannot be
inverted. To address this issue we will consider an additional independent equation, i.e. express uﬁ,*ju, (or any of the internal
velocities) using quadratic interpolation:

1 3 3
ubl = — bt b Sl (9)

-1 g -4 T4 i-2f T gy

The resulting system of equations can be written as

I+1 S 7)1
+ul L +ovT
1 0 B} 0 Lllfl , [; =2 i=1j-1
10 0 6| B+ovy, —
u;l
. i-1j+1 _ 1 I+1
0 -1 0 —o S = B—wly, +ov 7 (10)
— -1 1+1 _ 5o+l
1 o 0 o [5+ul.,72j,+1 avi,iu,ﬂ
1.0 0 0 i l
k i1 I+1 I+1
(—ul,, +6ulh - 3ul) /8

where § = Ai” JAF B = A‘X“Du. This is now an extended system of five equations and four unknowns which can be written
as Uy, = (AeTAe)*{AeTbe. The product (AZAe)’lAZ is the 4 x 5 left-pseudo-inverse of the system, which can be found analyt-
ically. The addition of Eq. (9) changes the rank of the system and the above best fit solution is actually the only solution to the
system. The extension of the above procedure to three-dimensions is straightforward, and the detailed equations are given in
Appendix A.

We should also note that the above formulation does not reduce to the scheme proposed in [7] for a refinement ratio of
two. In the latter, a piecewise-linear variation is assumed for the divergence-free vector field across each face of the rectan-
gular region of interest (the coarse-grid cell in our case). The slopes on this variation are defined via the minmod slope-lim-
iter. The vector field is then interpolated at all internal fine-grid locations using multidimensional quadratic polynomials,
which are build with specific constraints. In the scheme described above we assume a parabolic velocity distribution that
conserves the mass-flux across the interface, and is defined using neighboring coarse-grid velocities. Although we have
not conducted direct comparisons between the two approaches, we anticipate that the proposed approach results in a reduc-
tion of the computational cost and memory requirements, of course, at the expense of the generality, since it is only appli-
cable to interfaces with a refinement ratio of two.

3.3. Treatment of the block boundaries

To facilitate the discretization of the equations of motion at block boundaries, overlapping between neighboring blocks is
created by means of two layers of ghost cells. A two-dimensional configuration for neighboring blocks at refinement levels [
and [ + 1 is shown in Fig. 4. To assign values to the ghost cells on the grid block at level [: (i) the solution at level [ + 1 is re-
stricted to its parent grid, which has the same level of refinement as the adjacent coarse block, using Eq. (4); (ii) filling of the
ghost cells is done by simple ‘ejection’ of the corresponding variable from the parent grid. To assign values at ghost cells on
the grid block at level [ + 1 a similar procedure is used, which utilizes the prolongation operator given by Eq. (5). In Fig. 4 the
grid nodes in the interpolation stencil are shown for both cases.

3.4. Temporal integration scheme

A standard, second-order, fractional-step method is utilized for the temporal integration of the governing equations [23].
In our implementation both advective and diffusive terms are advanced in time using an explicit Adams-Bashforth scheme.
On each leaf-block at level [=0,...,l.x the predicted velocity, ﬁﬁ, can be written as
~ At op"
s () - W) - e )
2 0x;
where H is a discrete operator containing the convective, viscous and SGS terms, the superscript, n, refers to the time level,
and At is the timestep, which is the same on all refinement levels, L. All spatial derivatives are approximated using second-
order central differences on a staggered grid. The predicted velocity field, @i}, which is not divergence free, can be projected
into a divergence-free space by applying a correction of the form:

- 0
In+1 _ I -~ !
u" ! =1 Atax,- (spY), (12)
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where dp’ = p*™*! — p'" is the pressure correction, which satisfies the following Poisson equation:
o (op! ul
(o) _ 1 oup (13)
0X;0X; At 0x;

The solution of the Poisson equation (13), is done using the multigrid algorithm developed by Martin and Cartwright [26].
This method has been designed for block-structured adaptive grids and maintains second-order spatial accuracy, imposing
continuity of 5p' and its derivatives across interface jumps. It uses a residual-correction formulation and employs red-black
Gauss Seidel (RBGS) point relaxation at each level. In our implementation, in order to increase the performance of the solver,
we exploit the uniformity of the mesh at the coarsest level of the V-cycle, lsove, Which covers the entire computational do-
main. In particular, we utilize a direct solver, rather than RBGS iterations, to solve the residual-correction equation at that
level. The only drawback of this strategy is that the computational domain has to be rectangular since the direct solver uti-
lizes FFT or Cosine transforms, depending on the boundary conditions. This strategy was found to reduce the number of lev-
els on a V-cycle and relaxation-communication operations, while maintaining the convergence rate of the multigrid scheme.

An important issue with the application of projection schemes to S-AMR grids is related to conservation of mass at
coarse—fine block interfaces. In Fig. 5 a two-dimensional example of the interface between cells at levels [ and [ + 1 is shown.
The velocity component, ufj normal to the interface at the coarse level [, as well as the corresponding velocity components,
uﬁ,*.,l and uﬁ,*.,lﬂ, at fine level [ + 1, are unknowns to be determined during the solution process. They need, however, to satisfy

an additional constraint coming form the conservation of the mass-flux across the interface:

upAy' = ul Ay g Ay (14)
where Ay' is the grid spacing at level | and A y"*'=Ay!/2, is the grid spacing at level I + 1. In general, Eq. (14) will not hold after
the computation of the velocities normal to the refinement jump, resulting to a flux mismatch localized in grid refinement
interfaces. To alleviate this problem one can assume that the velocity components on the fine grid at level, [ + 1, are more
accurate than the corresponding coarse-grid component, u{] which can then be corrected to satisfy Eq. (14) (see for example:
[13,2]). In the present formulation the flux correction is realized in the following manner: (i) the intermediate velocities at
the fine level, ﬁﬁ.ﬂ are computed from Eq. (11); (ii) the intermediate velocity on the coarse level, ﬁfj is then corrected using
Eq. (14); (iii) during the iterative solution of the Poisson equation (13) the gradient of 5p normal to the refinement interface
at the ufj location is forced to satisfy the following equation:

A(op')

A((Spl“ )
!
Ax A

A(ﬁpl“)
_ +1
Ax Ay™ +

” Ax

i'j ij+1

Ay (15)

i

(iv) it is now trivial to show that the corrected velocity from Eq. (12) will also conserve the mass-flux across the interface.
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4. Treatment of complex moving boundaries
4.1. Direct-forcing scheme

To compute the flow around complex bodies immersed in the nested structured grids an embedded-boundary, direct-
forcing approach is utilized. In such case the requirement for the grid to conform to the body is relaxed (see Fig. 6(a)),
and boundary conditions are imposed using a forcing function constructed in discrete space. The motion of the immersed
body can be either prescribed or it is the product of the interaction with the flow. The main feature of our formulation is
that the forcing function is computed directly on the immersed body, which is represented by a series of Lagrangian markers,
rather than the neighboring grid nodes on the structured grid, as it is done in classical direct-forcing methods (i.e. [18,5]).

In particular, we first take a provisional step to compute the intermediate velocity, i;, as if no immersed bodies are pres-
ent in the flow domain. In practice we use Eq. (11) with f; set to zero. The resulting velocity, i;, will not satisfy the incom-
pressibility constraint and the boundary conditions on the immersed body. Note that in the discussion below we will drop
the grid level superscript, I, from all variables, since all operations involving immersed bodies are conducted within the same
block. Next we build the transfer operators, that will enable transfer of information from the Lagrangian to the Eulerian grid
and vise-versa, using moving least squares (MLS) shape functions with compact support [41]. To facilitate this process, we
identify the closest Eulerian grid node to each Lagrangian marker. Referring to Fig. 6(b), for example, the marker L, is asso-

Vi
%
J-‘

RNEA

~

(a) (b)

Fig. 6. (a) Sketch of the locally refined computational grid around multiple bodies. (b) Definition of the MLS support-domain for two neighboring
Lagrangian markers, L, and Lg, which are color coded for clarity. X, and X denote the closest Eulerian nodes to L, and Lg, respectively. The corresponding
volumes AV are also shown (dashed line). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)



M. Vanella et al./Journal of Computational Physics 229 (2010) 6427-6449 6435

ciated to the grid node x4, which is in the center of a cell with dimensions h, and h,, in the x and y directions respectively.
Marker Ly, is associated to the grid node x, and so on. Note that more than one Lagrangian markers from the same, or different
immersed bodies, can be associated with the same Eulerian grid node. We then define a support-domain around each
Lagrangian marker, in which the shape functions are constructed. In our case the support-domain is a rectangular box of size
2H, x 2H, x 2H, centered at the location of the marker. H,, H, and H, are different for each marker and are proportional to
the local Eulerian grid. After building the shape functions we can then find the fluid velocity, ﬁf, on the location of each
Lagrangian marker by interpolating from i;:

Ot x) = 3 gt (16)
k=1

where capital letters refer to Lagrangian quantities, ne is the total number of points on the interpolation stencil, ¢%(x) are the
shape functions for marker point L. If U is the velocity one wishes to enforce on the Lagrangian marker, L, then the direct-
forcing function on this marker can be computed from, F- = (U? — ﬁi)/At [39]. The forcing function, f; is then obtained by
transferring F- back to the Eulerian grid as follows:

nl
f=>"adiF, (17)
L=1

where f¥ is the volume force in the Eulerian point k in the direction i, and nl is the number of Lagrangian markers which have
been related to the grid point k. The coefficient c; is used to rescale the shape functions in a way that the total force acting on
the fluid is not changed by the transfer. The forcing function, f; is then introduced in Eq. (11) to compute the predicted veloc-
ity, u!, which now satisfies the boundary conditions on the immersed body. The overall formulation utilizes very compact
stencils and, without compromising accuracy and robustness, gives results that are identical to ‘sharp’ direct-forcing meth-
ods. Details, as well as an extensive validation can be found in [41]. We should also note that the AMR formulation outlined
in the previous sections can be coupled to any direct-forcing scheme (i.e. [18,5]) in a straightforward manner.

4.2. Fluid-structure interaction algorithm

A fundamental complication with two-way, fluid-structure interaction (FSI) problems, is that the prediction of the flow
and the corresponding hydrodynamic loads requires knowledge of the motion of the structure and vice versa. In the present
study a strong-coupling scheme is adopted, where the fluid and the structure are treated as elements of a single dynamical
system, and all of the governing equations are integrated simultaneously and iteratively in the time domain. The method is
based on Hamming's 4th-order, predictor-corrector formulation, which avoids the evaluation of the hydrodynamic loads at
fractional timesteps. The details of the overall approach and a demonstration of the accuracy and efficiency for a variety of
fluid-structure interaction problems in viscous incompressible flows can be found in [43]. In Fig. 7 a flowchart of the overall
algorithm as adapted to our AMR implementation is shown:

(i) At the beginning of each timestep, and only for the case of LES, the SGS eddy viscosity is computed using the LDEV
model. We should note that the use of eddy resolving methods, such as LES, within the AMR framework is not straight-
forward. This is due to the fact that in LES the flow field is generally not smooth at the smallest scale (the filter width is
not much larger than the grid size), so that numerical errors in the interpolation between grids can be significant. In
addition, the SGS eddy viscosity used to represent the effect of the unresolved scales is usually proportional to the fil-
ter width (and, in most cases, to the grid size) squared. A sudden mesh refinement or coarsening may result in a dis-
continuity in eddy viscosity, which can generate significant errors. In the present implementation we utilize smoothly
varying filter-widths at the fine-coarse interfaces between blocks, together with explicit filtering of the advective
term. We found that this strategy results in smoother transitions between blocks at different refinement levels elim-
inating unphysical jumps in the resolved turbulent kinetic energy. Details can be found in [40].

(ii) Compute the provisional velocity, i}, which does not satisfy boundary conditions on the immersed boundary, and is
not divergence free. Assign values for il to the ghost cells as described in Section 3.3.

(iii) Perform AMR if necessary (every n steps). In particular, all leaf-blocks are examined and flagged for refinement or
derefinement, according to specified criteria. For example, in all FSI cases reported below, a leaf-block is selected
for refinement when it contains an immersed body, or when the vorticity magnitude is larger than a predetermined
threshold. A leaf-block is marked for derefinement, on the other hand, when an immersed body is not present within
the block, and the vorticity is below a threshold. Other criteria, such as velocity error norms, SGS dissipation etc., could
also be used for this purpose. In the case of refinement, the newly created children blocks are added to the octree. All
variables other than ! and the discrete operator H(uf'”’l) in (11), are interpolated using Eq. (5). For it and H(uﬁ""’1 ), the
divergence-preserving prolongation procedure discussed in Section 3.2 is used. For each leaf-block flagged for dere-
finement, we first check if its parent block contains children that are all flagged for derefinement. In such case we per-
form a restriction step and remove the corresponding leaf-blocks from the octree. Quadratic restriction using Eq. (4) is
utilized for all variables except i} and H(uﬁ'“"), where linear restriction is used. The latter is a divergence-preserving
operation.



6436 M. Vanella et al./Journal of Computational Physics 229 (2010) 6427-6449

l n
[ Compute SGS-viscosity Vr. J
i
[ FilGuard celis for V. ]
!

Compute intermediate velocities ﬁj from Eq. (11),
with f; settozero.

[ Fill guard cells for 77, apply boundary conditions. |
i
[ Test all leaf-blocks for refinement-derefinement. ]

refine }\ derefine

+
Add children blocks to the Quadratic restriction of P", Ve
octree. 1. by Eq. (4).

¥ . ¥
Quadratic prolongation of p, [ Linear restriction of 7.
V; by Eq. (5). T -
7 : [ Remove blocks from the J
Divergence-preserving

R Ly octree.
L prolongation of ;. J

Solve structural equations for Prescribe generalized positions and
generalized positions and velocities. velocities of structure.

+
[ Obtain new positions Xf and velocities Ufof surface markers. ]
¥

[ Compute Embedded Boundary Forcing field f; ]
T
i =i + At f,

Match fluxes for ﬁ:

Multigrid solution for
Pressure correction &

Match fluxes for A(Sp')/ Ax,

Compute Final velocities by
Eq. (12), and update pressure.

T
[ Fill Guard cells for new 24 and p"™*!. ]
T

[ Compute sub step Fluid loads on generalized coordinates. ]

Fig. 7. Summary of fluid-structure interaction strategy.

(iv) In the case of FSI we apply a set of predictor-corrector sub-iterations as shown in the figure. Convergence is assumed
when the L, error on structures generalized coordinates and velocities is less than a certain tolerance. In all FSI com-
putations in the present study the tolerance is set to 1072,

5. Results

In this section we present a series of test problems with increasing complexity to demonstrate the accuracy and robust-
ness of the proposed AMR formulation. Initially the spatial and temporal accuracy of the method is demonstrated for the
Taylor-Green vortex problem. Then the case of a three-dimensional vortex ring impinging on a wall is considered. Finally
two cases, where the accuracy and efficiency of the method in the presence of immersed bodies is examined, are presented:
the FSI problem of two falling plates, and LES of the flow around a sphere at Re = 10%. We should note that formal accuracy of
the direct-forcing scheme utilized in the last two cases as well as the strong coupling FSI approach used in the case of the
falling plates has been demonstrated for a single-block configuration in [41,43], respectively.
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5.1. Taylor-Green vortex

To investigate the numerical accuracy of the method the Taylor-Green vortex problem is considered. The flow field is rep-
resented by an array of periodic counter-rotating vortices that decay in time, and has an analytical solution of the form:

U, = —e 2t cosxsiny, (18)

v, = e ?sinxcosy, (19)
e—4vt

Do =— a (cos2x + cos 2y), (20)

where u, and v, are the velocity components in the x and y directions, respectively, p, is the pressure, v is the kinematic vis-
cosity, and t is the time. The size of our computational domain was 27 x 27, requiring the use of a mix of homogeneous
Dirichlet and Neumann boundary conditions for the velocity components. Grids with two levels of refinement, as well as
uniform ones are considered. In the latter case 322, 642, 1282 and 256 grid points are used and the ghost-cell filling is per-
formed by simple injection of the data between blocks sharing a common boundary. In the former case the base grids utilize
162, 322, 642 and 1282 computational points on their coarse levels, and the refinement is performed in the second and fourth
quadrants of the domain (see Fig. 8). To investigate the impact of the ghost-cell filling scheme on the overall accuracy of the
method both linear and quadratic interpolation schemes are considered. In all cases the equations of motion are integrated
for a total of T=0.03 time units using a timestep of At =5.0 x 107>. The L, norm of the residual for the Poisson solution was
kept in the order of 104,

In Fig. 8 pressure isolines at t = 0.03 are shown for the AMR grid with two levels of refinement (level 0 being 322). It is
evident that the main features of the flow are captured. In Fig. 9 the L error norm for both velocity components at
t =0.03, is shown for all cases as a function of the grid size, A. Note that in all the two-level calculations, A, is computed from
the highest refinement level. As expected, in all uniform grid cases second-order accuracy is observed. In the case of AMR the
use of linear interpolation for the ghost-cell filling reduces the spatial accuracy, which is now closer to first order. The higher
order interpolation scheme described in Section 3.3, on the other hand, maintains the second-order for both velocity
components. We should also note that the error in the case of the AMR grid is always higher when compared to that of a
uniform grid with equivalent resolution. This is due to the fact that the error in this problem is uniformly distributed in
the computational domain and is proportional to the local velocity magnitude. As a result the Li,r error norm in the part
of the computational box with highest resolution in the AMR case, will be affected by the neighboring coarser level, due
to the inherent ellipticity of the problem. The difference in the L, error norm, on the other hand, (not shown in Fig. 9)
between uniform and AMR grids is much smaller.

In all the above computations the grid is locally refined, but does not evolve with time, as required in most moving
boundary problems. To examine the effects of the dynamic adaptation of the grid on the accuracy of the solver we also utilize

11

L1

LLl

Fig. 8. AMR grid configuration with two refinement levels for the case of the Taylor-Green vortex. Pressure isolines ranging from p = —0.4 to 0.4 at t = 0.03
are also shown.
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Fig. 9. Accuracy study on the Taylor-Green vortex problem. (a) [|[u — ut4||..; (b) ||V — 24|/ as a function of grid spacing at t = 0.03. + uniform grid; A AMR grid,
linear interpolation; [0 AMR grid, quadratic interpolation. Note that the 1st and 2nd order slopes have been added for clarity.

the Taylor-Green vortex problem with the same setup as above. In this case, however, starting from a single level grid we
refine every 10 iterations by adding one refinement level (Fig. 8), and then derefine every 10 iterations. Refinement, for
example, is performed at iteration count n =10, 30, 50,...,90, and derefinement at n = 20,40,...,80. At iteration number
100 the solution is compared to the analytical one, and the corresponding error norms for the velocity and pressure fields
are computed. An important part of the dynamic grid adaptation is the prolongation of the solution at the newly generated
children blocks in refinement areas, and/or the restriction of the solution from eliminated leaf-blocks to its parent, in dere-
finement areas. As we discussed in Section 4.2 we perform AMR after the computation of the provisional velocity, ii.. One can
show that &I} is within O(At?) of a divergence-free field (see for example [23]) and, therefore, its prolongation/restriction after
a grid adaptation step should maintain this property, so the overall temporal accuracy is not affected. As we already dis-
cussed in Section 3.2, not all prolongation/restriction operators are divergence preserving.

To illuminate their effects on the accuracy of the solution we conducted computations with three different prolongation
operators for the velocity field: linear and quadratic, which do not preserve the divergence of i, and the quadratic diver-
gence-preserving operator discussed in Section 3.2. In Fig. 10(a) the L;,s error norms for the velocities and pressure are shown
as a function of the grid size for all cases. It is evident that the spatial accuracy is not affected by the choice of prolongation
operator, and in all cases second-order accuracy maintained. As expected, the error using linear prolongation is about an or-
der of magnitude higher than using the quadratic interpolation variants. The evolution of the error norms with respect to
time, on the other hand, reveals some very interesting patterns, as seen in Fig. 10(b). The prolongation operators, which
do not preserve the divergence of i, result in a monotonically increasing error for both velocity components, while for
the divergence-preserving prolongation operator the error is always 0(10~4). These effects are more profound in the behav-
ior of the pressure, where the linear and quadratic prolongations result in an error jump of at least three orders of magnitude
just after each refinement step, compared to the divergence-preserving scheme. The pressure recovers in a few timesteps,
but overall the error grows over time. In the case of fluid-structure interaction problems these pressure oscillations can
introduce spurious loading on the structure leading to large errors on the solution. For the divergence-preserving scheme
the error jump is very small, indicating that the spurious oscillations are practically eliminated. It is important to note that,
the choice of other projection scheme variants, where the pressure is not treated incrementally, or making use of high-res-
olution approximate projections [3] might have a beneficial effect in damping the observed pressure oscillations and numer-
ical errors due to non-divergence-preserving interpolations.

5.2. Vortex ring impinging on a wall

To demonstrate the ability of the proposed AMR formulation to accurately represent vorticity dynamics, the simple yet
very challenging problem of a vortex ring impinging on a wall, is considered. Due to the importance of wall-vortex interac-
tions in many technological applications there is variety of reference data in the literature [42,17,31,36]. In the present work
we will consider a setup analogous to the one reported in [36], where a vortex ring is generated in the center of the x — y
plane, and at a distance z, = 1.5D, from the wall as shown in Fig. 11. The vortex ring was generated by introducing an impul-
sive body force of the form:
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Fig. 10. Accuracy study on the Taylor-Green vortex problem where dynamic refinement/derefinement is performed every 10 timesteps. (a) |[u — | . (top),
and ||p — pall~ (bottom) as a function of grid spacing at t = 0.3, + linear prolongation; A quadratic prolongation; O divergence-preserving prolongation; (b)
||u — Uql| (top), and ||p — pall~ (bottom) as a function of time — (black) linear prolongation; - (red) quadratic prolongation; - - - (blue) divergence-preserving
prolongation. Note that the 1st and 2nd order slopes have been added for clarity. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

Fig. 11. Computational setup for the vortex ring impinging on a wall.

f:(r,z,t) = A, T(t)F(z)H(r), where
T(t) =0.5[1+tanho(tr —t")], F(z)=0.5[1+tanhp(B,—Z7)], H(r) =0.5[1 4+ tanhy(C, —r)]. (21)

Note that t = |t — t,| and Z = |z — z,|. Setting A, = 350, o = 500, t, = 0.05, T = 0.04,8 = 100, B,=0.1, 7 =100 and C, = 0.5, the
resulting vortex ring had Re = U,D,/v = 570, where U, and D, are its initial diameter and self-induced translation velocity
and v is the kinematic viscosity of the fluid. This is lower than the value of Re, = 645, reported in [36]. A closer match of
the initial conditions was not possible due to the fact that some of their forcing parameters were not listed.

The AMR grid was adaptively refined in areas of high velocity gradients. Five levels of refinement were used and the total
number of points was of the order of 2 x 10°. The grid adaptation was done every 10 timesteps using the modulus of the
vorticity field, |@|, as a test variable. The grid was refined in leaf-blocks where || > 5.5U,/L, anywhere within the block,
and derefined if |@| < 4.0U,/L,. Periodic boundary conditions are applied in the x and y directions, and non slip at the top
and bottom walls in the z direction (see Fig. 11). The AMR solution is compared to a computation of exactly the same prob-
lem using a single-block, finite-difference solver [5]. The single-block grid in the latter case utilizes 256 x 256 x 128 grid
cells, and is uniform in the x and y directions, while it is stretched in the wall-normal direction, z. The resulting cell size
in the near wall area was comparable to the one at the highest refinement level in the AMR computation.

In Fig. 12 vorticity contours are shown for both the single-block and AMR calculations. The vorticity normal to the y — z
plane is shown at four different times during the calculation. In the AMR case the block boundaries are also shown in the
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Fig. 12. Vorticity isolines at an y — z plane for the case of the vortex ring impinging to a wall. Forty-five wyR,/U, contours from —50 to 50 are used. Left side
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figure. The similarity between the two computations is striking. As the primary vortex approaches the wall there is an in-
crease of its radius, which is accompanied by a noticeable decrease in the core size (i.e. Fig. 12(a)-(c). The boundary layer
generated underneath the primary vortex thickens due to the adverse pressure gradient in the radial direction
(Fig. 12(b)-(f)), and eventually the accumulated vorticity pinches-off forming a secondary vortex (Fig. 12(c)-(g)).

A three-dimensional view of primary and secondary vortex structures can be seen in Fig. 13, where isosurfaces of the sec-
ond invariant of the velocity gradient tensor, Q = —1,/2(0u;/0x;01i;/0x;), are plotted. The secondary vortex orbits the primary
vortex (Fig. 13(a)), and later undergoes a ‘buckling’ instability as it is compressed by the primary vortex (Fig. 13(b)). The sec-
ondary vortex breaks into smaller structures that are advected under the primary vortex and affect the vorticity generation
near the wall. This results in small slender structures dominated by radial vorticity (see Fig. 13c). At the same time a third
vortex pinches-off and also starts orbiting the primary one. This structure at this Re, is fairly stable, and stays in the prox-
imity of the primary vortex for the rest of the calculation (Fig. 13c).

In Fig. 14 the trajectories of the primary and secondary vortex centers are shown for both computations. The numerical
results from Swearingen et al. [36] for a similar setup at Re, = 645 are also included for comparison. The agreement between
the single-block and AMR calculations is excellent and the trajectories of both vortices are identical indicating that the pro-
posed AMR strategy properly captures the vorticity dynamics. The agreement with the results reported in [36] is also good.
Small discrepancies near the wall are primarily due to the ambiguity in the definition of the vortex center as well as the dif-
ferences in the initial conditions.

5.3. Fluid-structure interaction of two falling plates

To test the accuracy of the approach in fluid-structure interaction problems the case of two falling plates is considered
(see Fig. 15). In this case, Eq. (3) governing the dynamics of each plate can be reduced to the following form:

(a) (b) (c)

Fig. 13. Isosurfaces of Q for the case of a vortex impinging to a wall at three different times. The AMR block distribution is shown at an y — z plane. (a)
t=2.0; (b) t=2.7; (c) t=4.4. (i), (ii) and (iii) indicate the primary, secondary and tertiary vortices, respectively.
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Fig. 14. Trajectories of the centers of the primary and secondary vortices at Re, = 570. Symbols are from the uniform grid and lines from the AMR grid
computation. e primary vortex; o secondary vortex; green line is the trajectory of the primary vortex from [36] at Re, = 645. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 15. (a) Variables describing two-dimensional rigid body motion for the falling plates. (b) Domain, boundary and initial conditions for the two falling
plates problem.
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with q; =[] and q, = q -X@), Y are the coordinates of the center of mass of the plate in the x and y directions,
respectively, and 0y its orientation angle (see Fig. 15a). f;, f,, are the corresponding hydrodynamics forces acting on the plate,
and M,, is their moment with respect to the center of mass. Eq. (22) has been made dimensionless using the chord length, c,
the mean descent velocity of plate 2, Ug, and the fluid density, py, as reference variables. The thickness of each plate is 10% of
the chord length, and their density is, pp=5.1p Also g=3.0, m=0.5, and [, =4.2 x 1072, The resulting Reynolds number is
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Fig. 16. (a) Position of center of mass for each plate as a function of time. (b) Phase diagrams for x,. For the AMR computation: e plate 1; + plate 2. For the
uniform grid computations: — 1024 x 1280; - 512 x 640; - -- 256 x 320, all lines are red for plate 1 and blue for plate 2. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 17. Comparison between uniform (left side) and AMR (right side) grid computations for the case of the falling plates. Vorticity isolines are shown at (a)

and (d) t=4.6; (b) and (e) t=5.2; (¢) and (f) t=5.8.
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Re = Ugc/v = 200. The computational domain together with the initial conditions are shown in Fig. 15b. Both plates are ini-
tially at rest.

To evaluate the accuracy of the proposed AMR scheme two separate types of simulations are considered. First, three sin-
gle level calculations using uniform grids of 1024 x 1280,512 x 640,256 x 320 nodes are conducted (the grid spacing on the
finest grid is, Ax = Ay = 0.0078Lg). Then, an AMR computation with four levels of refinement is carried out. Mesh adaptivity
in this case was guided by two criteria: (i) the presence or not of a rigid body in a grid block; (ii) the vorticity modulus, ||, as
in the example given in the previous section. As a result the highest refinement level always surrounds the plates, as well as
the areas of high velocity gradients in their wake. Note that grid cell size at the highest refinement level is the same as the
one used in the finest uniform grid calculation. All computations were advanced in time for 22 x 10° steps, with
At=2.0x 1072,

The trajectories of the centers of mass for both bodies as a function of time, and phase diagrams of positions and velocities
for the horizontal and vertical degrees-of-freedom are shown in Fig. 16a and b, respectively. Clearly grid resolution has a
substantial effect on the trajectories of both plates, as manifested by the results on the three uniform grids. The AMR com-
putation, on the other hand, where the grid is dynamically refined in areas of high velocity gradients, is in excellent agree-
ment with the finest uniform grid, single-block computation.

A frame-by-frame comparison of the vorticity field in the last two computations is also shown in Fig. 17 with very good
agreement as well. It is interesting to note the transition from steady fluttering fall to tumbling for plate 2 (see Fig. 17d and
f). Tumbling motion has been observed by Andersen et al. [4] for a single falling plate under similar flow conditions, and usually
occurs forRe > 100and I, > 3 x 10~2[12]. For plate 1 transition from a fluttering fall to tumbling is limited by the wake of plate 2.

5.4. Flow around a Sphere at Re = 10,000

To test the performance of the AMR solver in turbulent flows, a LES of the flow around a sphere at Re = U,.D/v = 10* (U, is
the freestream velocity and D is the diameter of the sphere) is considered. This Reynolds number falls in the subcritical
regime, where laminar boundary layer separation occurs on the surface of the sphere, and transition happens in the detached

X

Fig. 18. AMR grid blocks for flow around a sphere at Re = 10%. An x — z plane at y =0 is shown. Note that a window spanning from —5 < x < 28 in the x-
direction and from —5 <z <5 in the z-direction is shown. Six levels of refinement are used with 16 points per block.
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Fig. 19. Variation of (a) C,, and (b) Cron the surface of the sphere as a function of angle ® from front stagnation point. Both are averaged in the azimuthal
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direction and time; — current AMR-LES calculation at Re = 104, - - - reference LES at Re = 10* [16], and e experiment at Re = 1.6 x 10° [1].
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shear layers in the wake. A rectangular domain is employed, spanning 38D in the streamwise direction and 24D in the cross
stream directions. The sphere is centered at a distance of 10D downstream of the inflow boundary. The inflow velocity, U.., is
prescribed at this boundary, and a convective condition used at the outflow boundary [32]. Slip wall boundary conditions are
used in the other two directions.

A preliminary computation for laminar flow around a sphere at Re = 300 was done on a similar setting, using 5 levels of
refinement and about 6.5 x 10° points. The resulting grid spacing close to the sphere was 0.0195D. The predicted mean drag
coefficient is Cp = 0.634, and its oscillation amplitude C,, = 0.0039. These values are in good agreement with the correspond-

ri
| 5]
o -
+ >
T X
g Y *Li
- R A A
4 A . .
u -
H i ¥
+ [}

Fig. 20. A snapshot of the instantaneous flow field around the sphere at Re = 10* Top: Vorticity contours at an x — z plane through the center of the sphere,
—20 < ®,D/U,, < 20, where (blue) and (red) indicate areas of counter-clockwise and clockwise rotation respectively. Bottom: Q-isosurfaces in the wake.
The block distribution is also shown for 3 slices at positions x = 0,3D,7D. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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ing results from computations by Johnson and Patel [22] of Cp = 0.656 and C;, = 0.0035, respectively. The resulting Strouhal
number is St = 0.132, which is also in good agreement with the value 0.137 reported in [22].

For the case at Re = 10* a finer grid with 6 levels of refinement is used with 11 x 7 x 7 blocks at level 0. Each block con-
sists of 16> cells. The grid is finest near the surface of the sphere and it is gradually derefined in the wake. The leaf-block
arrangement at an x — z plane passing through the center of the sphere is shown in Fig. 18. The cell sizes near the surface
of the sphere are approximately, Ax;=0.003D, and the resulting distance of the first grid point off the wall is between
r"=1.3 — 2.3 (following [16], we define r" =r u./v, where the friction velocity is assumed to be u, = 0.04). The number of
points between the wall and r* ~ 10 is between 5 and 8. The total number of blocks is 18,400, and the number of leaf-blocks
16,184 corresponding to 66.3 million points. Further refinement was not attempted due to cost considerations. We should
also note that temporal adaptivity was not utilized in this case since the location of the finest grid blocks needs to be in the
laminar boundary layers on the sphere’s surface which do not evolve with time.

The equations were integrated in time until the effect of initial conditions was eliminated. Statistics were accumulated
over two shedding cycles, which is about 10U,/D eddy turnover times or 20,000 timesteps. Although the sample is fairly
small it is sufficient to provide reasonable estimates of the average force coefficients. LES of the flow around a sphere at
the same Reynolds number performed by Constantinescu et al. [16], gave a mean drag coefficient Cp, = 0.393. The same value
was reported in the LES by Yun et al. [45]. Our computation gave Cp = 0.405, which is in very good agreement with the above
results. In Fig. 19 the distribution of average pressure coefficient, Cp, and skin friction coefficient, Cy, are shown as a function
of the azimuthal angle, ®@. The corresponding results from the LES by Constantinescu et al.[ 16] at the same Reynolds number,
and the experiments by Achenbach [1] at a higher subcritical Reynolds number, Re = 1.6 x 10°, are also shown for compar-
ison. In general the agreement is good, and C, is practically the same in all three data sets for 0° < @ < 90°. Both simulations
also agree very well for 90° < ® < 130°, and slightly over-predict C, reported in the experiment. Further behind the sphere at,
130° < ® < 180°, our C, is lower by is approximately 6% of the peak value, probably due to our limited statistical sample.

The friction coefficient, Cy, is also in good agreement with the reference data. In this case discrepancies among the differ-
ent datasets are larger, due to larger errors in measuring this quantity as well as its sensitivity to numerical resolution. Our
mean separation occurs at @ = 91° which is in very good agreement with the value of ® = 90° reported in [45]. Constantine-
scu et al. [16] is reported mean separation at @ = 85°. They used spherical coordinates and a grid which is much finer near
the surface of the sphere, while our resolution is comparable to the one utilized by Yun et al. [45].

In Fig. 20 an instantaneous snapshot of the spanwise vorticity, m,, is shown at an x — z plane passing through the center of
the sphere. The shear layer instability, roll-up and subsequent breakdown can be observed. The smooth variation of the vor-
ticity between blocks at different refinement levels should also be noted, indicating that turbulent eddies are unaffected by
the presence of block boundaries. A three-dimensional view of such eddies is also shown in Fig. 20, and is visualized using
the second invariant of the velocity gradient tensor, Q. The AMR block structure at three different planes in the wake region
(x=0,x=3D and x = 7D) is also shown. As the refinement level is decreased for increasing x, the reduction in the range of
scales resolved by the grid is evident.

6. Summary and conclusions

In the present study we propose a S-AMR formulation for the simulation of fluid-structure interaction problems in vis-
cous incompressible flows. A single-block solver is employed on a hierarchy of sub-grids with varying spatial resolution.
Each of these sub-grid blocks has a structured Cartesian topology, and is part of a tree data-structure that covers the entire
computational domain. Time advancement is done using a fractional-step method. All spatial derivatives are approximated
with second-order finite-differences on a staggered grid. The Paramesh toolkit [25] is utilized to keep track of the grid hier-
archy, and perform the required restriction/prolongation and guard-cell filling operations. Coupling the proposed AMR algo-
rithm with the embedded-boundary approach proposed in [41] results in a robust and cost/efficient tool applicable to
complex fluid structure interaction problems.

We demonstrated that the accuracy of dynamic AMR is greatly effected by the conservation properties of the prolongation
and restriction operators. We developed a divergence-preserving prolongation operator tailored to the specific AMR topol-
ogy, where the grid size between consecutive refinement levels can only differ by a factor of two. Overall the second-order
spatial and temporal accuracy of the basic solver are maintained. We have also shown that our scheme is well suited for eddy
resolving computations such as LES and DNS. In the former case the derefinement jumps normal to the main advection direc-
tion may lead to high interpolation and aliasing errors due to the fact that a large portion of small structures being advected
can not be resolved by the coarse grid. We found that the strategy proposed in [40], where the LDEV model is used to param-
eterize the SGS stresses with a varying filter size at refinement interfaces, together with explicit filtering of the advective
term works very well with the present AMR scheme, and gave excellent results for the case of the flow around a sphere
at Re=10%

Compared to available structured [27] or unstructured AMR [21] formulations, the constraint that neighboring blocks can
only differ by one level of refinement may result in larger overall grids to achieve the same local resolution especially in
internal flows. This is not a major concern in LES of turbulent and transitional flows, where grid discontinuities generated
by neighboring blocks that differ by more than a factor of two can contaminate the high frequency content and unphysically
enhance turbulent fluctuations on the fine-grid side, and are, therefore, not desirable.
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The computational efficiency of the proposed formulation is a balancing act between the lower CPU and memory cost
incurred using AMR, and the additional work derived from the augmented computational complexity. In general for high
Reynolds number FSI problems, where the fine-grid patches needed to resolve the boundary layers on the surface of the body
have to be constantly rearranged following the body’s motion, the proposed solver has a significant advantage over single-
block solvers. For the falling plates simulation, for example, the number of grid points utilized in the AMR computation was
1/10 of the ones used in the uniform grid solution. In terms of wall time, the AMR calculation took about 3 s per timestep on a
single processor, while the equivalent uniform grid run required roughly twice that amount. We should also note that the
uniform grid solver utilizes a direct solver for the Poisson equation (see [5] for details), which is much more efficient com-
pared to the multigrid solver. If a multigrid solver was to be adopted for the case of the uniform grid too, the computational
savings using AMR would have been an order of magnitude higher. We are currently conducting detailed test on the parallel
performance of the AMR solver and we will report these results in a future article.
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Appendix A. Divergence-preserving prolongation in three-dimensions

The development of divergence-preserving operators in three-dimensions is similar to the one for two-dimensions out-
lined in Section 3.2. In particular, the discrete divergence of the coarse-grid cell shown in Fig. 21 is
I I ! | | |
Uik = Uisqjk N Viik = Vij1k . Wik — Wijk-1 — Du. (23)
Ax! Ay! AZ
To interpolate the velocities on the cell faces, the one-dimensional interpolations in two-dimensions, are now replaced
with two-dimensional quadratic interpolations assuming a polynomial variation of the form:

U(EN) = Ao + a1 & + QN + aséN + Aal® + as? + agEn + azén* + ag& . (24)

An example stencil is shown in Fig. 21a, and a system analogous to (7) can be constructed by applying Eq. (24) in the (&,
Hj+p), o f=—1,0,1 positions at level I, except for (&;, #;). Then the known value of the coarse-grid variable at location (¢;, #;) is
used in

1
L2y
Uijk =7 <ui’j’,k’

1+1 1+1 I+1
U T W T ui’.j"k’+1>’ (25)
and the four fine-grid values are computed by interpolations from Eq. (24). The matrix associated to the resulting system can
be inverted using symbolic manipulation software, such that the computation of the interpolation coefficients a;i = 0,1,...,8
will require a 9 x 9 matrix-vector multiplication. The computation of the four fine-grid variables requires four additional
9 x 1 vector-vector multiplications.
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Fig. 21. (a) Interpolation stencil for 2D face interpolations used in three-dimensional divergence-preserving prolongation. (b) Internal variables to a given
coarse-grid cell indexed by i, j, k.
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Once the velocity field has been found on the cell faces, the velocities internal to the coarse cell need to be obtained. There

: T : 1+1 1+1 1+1 1+1 +1 1+1 +1 +1 +1 +1
are twelve internal fine-grid variables, W o W e W0 W Vi Vi Vi Vi pieso Wi g o Wil i
whtl  and w/! , that need to be determined (see Fig. 21b). Four of the twelve (ul , , uf! LR T B
1) 41K i j+1.K =14 K 77 -1 +1K+1° T -1 K T K+

can be found using one-dimensional quadratic interpolation from the corresponding coarse-face variables, and for the
remaining ones, eight discrete divergence equations are used as in the two-dimensional example. The resulting system
can be written as

ul+1
=14 K +1
ro o0 0 0 y» 0 0 07 e b,
0 0 g 0 0 y 0 O '*}jl“* b,
1229
0O o 0 O O 0 vy O i'j K bs
I+1
0O -« - 0 0 0 0 vy Vitijka | ) ba (26)
o 0 0 B -y 0 0 O Wil bs (
-« 0 0 O 0 -y 0 O WW v be
« 0 - 0 0 -y O ’ b,
W’.“ ) ,
L0 0 0 O 0O 0 0 —yJ {1741k b
Wl+1
i j+1K
where o = 1/Ax"*1,8=1/Ay"*" and y = 1/AZ"*. The coefficients in the right hand side are given by
I+1 _ gl [+1 _ g1 [+1
b — D Wy — Wi Ul — Ul Wil
1= Axi+1 Ay Az
1 g 41 1+1 -+1
b Du Uy =y . U Wi
2= Axl+1 Ayl+1 Azl+1 ’
I+1 +1 _ 1 141
bs — Du+ui’72J’+1,k’ B Vilipaw ~ YVrage | Wit
3= Axl+1 Aylﬂ Azi+1 ’
1+1 +1 +1
b — Du — Uiy ik B Vi W:’J’H,k’—]
4= AxI+1 Ay Az 97
ul+1 vl+1 Wl+1 ( )
bs — Du - =24 K+1 + -1j-1K+1 i1 K41
5= Axl+1 Ay1+1 Azl+] )
I+1 141 _ g+ l+1
b — Du — Wiyki B Vriwa ~ Yryawna B Wik
6~ Axi+1 Ay Az
1+1 +1 1+1
ui’fz i +1.k yi’fl."+1,k’+1 Wi’fl i +1K+1
b; =Du+—225 = -
7= AxH1 Ay Az
+1 _ e +1 _ g+ +1
ui’.j/+1.k/+l uiLl.jm.k/H yi’.j#l‘k’ﬂ Ui/J’.k/ﬂ Wi/J’+1,k’+1
bg = Du — - -
8- AxH Ay AZHT

As this system is of rank 7, one more equation similar to (9) is added. As in the two-dimensional case, the left-pseudo-
inverse of the resulting 9 x 8 coefficient matrix A, can be computed symbolically. The implementation requires additional
8 x 9 matrix-vector operations to obtain the unknown variables.
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